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Abstr act. With the use of the (/, g)-inversion formula, we establish an expan- 
sion of basic hypergeometric r<f>s series in argument xt as a linear combination 
of r+3<t>B+2 series in t and its various specifications. These expansions can be 
regarded as common generalizations of Carlitz's, Liu's, and Chu's expansion 
in the setting of g-series. As direct applications, some new transformation 
formulas of g— series including new approach to Askey-Wilson polynomials, 
the Rogers— Fine identity, Ramanujan's reciprocal theorem and Ramanujan's 
irpl summation formula, as well as the well-poised Bailey lemma, are also 
obtained. 



1. Introduction 



It is well known that the core of the classical Lagrange inversion formula (cf. 
§7.32]) is to express the coefficients a„ in the expansion of 



by 



1 d 



'n—l 



i! dx"-- 



dF{x) 



(1.1) 



r{x) 



dx 



provided that F{x) and (j)[x) are analytic around a; = 0, 0(0) 7^ 0, ^ denotes the 
usual derivative operator. 



In the past decades, g-analogues (as generalizations) of the Lagrange inversion 
formula have drawn a lot of attentions (cf. [71[I71[171I351IM1[M1[SS]). For a good 
survey about results and open problems on this topic, we prefer to refer the reader to 
Stanton's paper [5 6) and only record here, for comparison purpose, four important 
results. 



The first one is the q-analogue found by Carlitz in 1973 (cf. [18, Eq.(l.ll)]), subse- 
quently reproduced by Roman (cf. [IHl p. 253, Eq. (8.4)]) viz q-umbral calculus, is 
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that for any formal series F{x), it holds that 

^(^) - E [^^,^{^(^)(-'9)»-i}].=o (1-2) 

where Dq ^ denotes the usual g-derivative operator given by 

Fix)-Fia:q) 

Another new path-breaking result is certainly attributed to Gessel and Stanton. 
With the mind that the essence of the Lagrange inversion formula is equivalent to 
finding a pair of matrix inversions, they successfully discovered many q-analogues of 
the Lagrange inversion formula in '27' such as Theorems 3.7 and 3.15 therein. We 
pause here and recall that a matrix inversion is a pair of infinite lower triangular 
matrices F = {Bn,k) and G = iB^\) subject to Bn,k — unless n > k and 
Bn^n 7^ 0, such that 



Sri 



where 6 denotes the usual Kronecker delta. Gessel and Stanton's main result may 
be restated as follows: 

F{x)= ^ ak^-^P^^^^q^-'x- (1.3) 

if and only if 

^0 iq;<i)n-k 



The third expansion worth mentioning is the following g-expansion formula dis- 
covered in 2002 by Liu 38 . By virtue of the g-derivative operator, together with 
Carlitz's q-analogue (II. 2p and Watson's g'/'s sum |26l IL20], Liu showed that 



Likewise Liu but in a more systematical way, Chu in his work j20j investigated vari- 
ous functions whose nth g-derivative are in closed form, whereby g-series identities 
have been obtained. His main result is as follows 



oo 



(1 - abq^^+'){a/x; g)„x" [Dl,AF{x){bx; g)„+ J] 



F(x) = ^^ \ ^ "-^^ '\ (6 = ±1). (1.6) 

^ {q\q)n {bx;q)n+i+e 



n=0 



As of today, although these expansion formulas have been proved to be very impor- 
tant to the theory of basic hypergeometric series, just as Gasper pointed out in [53] 
"• • • the succeeding higher order derivatives becomes more and more difficult to 
calculate for \z\ < 1, and so one is forced to abandon this approach and to search 
for another way • • • " . Truly, a comparison of the aforementioned results shows that 
the expansion ()1.3p / (|1.4p of Gessel and Stanton via the method of matrix inversions 
has an advantage over other three expansions in its avoiding calculation of higher 
order g-derivatives. As such, is it possible to deal with the other three expansions 
by the same way? 
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Another motivation comes from our recent observation that in their authorita- 
tive book |26l §2.2], Gasper and Rahman recorded a general expansion formula 
expressing a terminating r+Afj^r+s series as a finite linear combination of other ter- 
minating r+2(t>r+i series, i.e., Eq.(2.2.4) of loc.cit. As a g-analogue of Bailey's 
formula |10[ 4.3(1)], this finite expansion serves as a hinge connecting a few basic 
but most useful summation formulas of g-series. Naturally a problem arises whether 
any series can be expressed conversely, if necessary, as a linear combination of 
higher r+m(l>s+n series (integers m,n> 1)7 

To answer these two problems in full generality, ultimately finding out new q- 
analogues of the Lagrange inversion formula, forms the main theme of the present 
paper. One of valid tools for this end, in our viewpoint, is the so-called (/, 5)- 
inversion formula initially appeared in |41| . together with an important method 
often referred to in the literature as the "Ismail's argument" 52 . So named because 
it is Ismail who was the first to show Ramanujan's summation formula |29] 
by analytical continuation jj. Later, Askey and Ismail used the same method and 
Watson's 605 sum [9] to evaluate Bailey's efe summation formula. The reader 
may consult [33j by Kadell for a more systematic exposition on applications of this 
method in the theory of g-series. For completeness, we summarize the "Ismail's 
argument" by the following lemma. 

Lemma 1.1 (Ismail's argument). Let F{x) and G{x) be arbitrary two analytic 
functions. If there exists an infinite sequence {bn}n>o with lim„^oo bn = b, such 
that for each n >0 

F{bn) = G{bn) (1.7) 
then F{x) — G{x) for all x (zU{b), a neighborhood ofb. 



For the same purpose, we restate the (/, (7)-inversion formula. 

Lemma 1.2 (The (/, (7)-inversion formula: [41]). Let F = {Bn.k)n.k&i and G = 
iB^\)n,keN ^6 matrices with entries given by 

R — rit^fc fi^i: bk) J ns 

Il^=k+l9[b^,bk) 

Kl = {%^'^r^\^-^n-i '!!'^'lV ' ^esperfroe??/, (1.9) 

where N denotes the set of nonnegative integers, {xn}neN and {6ri}neN are arbitrary 
sequences such that none of the denominators in the right hand sides of iL8\) and 
U.9\) vanish. Then F = (i?n,fe)n.feeN and G = iB^\)n,keN is a matrix inversion if 
and only if for all a,b,c,x C 

<7(a, b)fix, c) + gib, c)f{x, a) + g(c, a)f{x, b) = (1.10) 

with a prior requirement that g{x, y) = —g{y, x). 



As the earlier work of [H] displays, there are numerous functional pairs f{x, y) and 
g{x,y) satisfying (jl.lOp . each pair of which in turn constitutes an (/, (7)-inversion 
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formula useful in study of g-series. The reader is referred to [T9l|41]|43] for further 
details. 



In the present paper, we shall focus on the situation that F{x) in (|1.2p - (|1.5l) belongs 
to a kind of g-series whose summand contains the factor {c/x; q)nX^^ / [xd; q)n- By 
making use of the (1 — xy, y — a;)-inversion formula which avoids difficult issues of 
the g-derivative operator, we shall set up an infinite expansion of a series in 
argument xt as a linear combination of terminating r+3(t's+2 series in argument t. As 
we shall see later, it contains not only the classical Rogers-Fine identity, Carlitz's 
expansion (|1.2p . Liu's expansion (jl.Sp . and Chu's expansion (|1.6I) as special cases 
in the context of g-series, but also draws a general framework for the WP-Bailey 
lemma [55], 

Theorem 1.1. Let x,bi{i ~ 1,2, s) be any complex numbers other than of the 
form g^" and d ^ aq^^ for positive integers n. Then for d: \xd\ < 1, s > r , and 
arbitrary r complex numbers ai, there holds 



1 



1 — xd 



r+lVs+l 



bi, b2 



cq/x 



^(l-acg2"+2) (xd) 



r+3'Ps+2 



.., bs, xdq 

„ (aq/d, cq/x;q)n 
{cdq, axq; q)n+i 



acq"-^^, ai, 



■,q,xt 



cdq, q 

cdg"+2, q-'^d/a, b 



bs a 



(1.11) 



The limit of (|l.lip as d tends to zero deserves a sperate theorem. 
Theorem 1.2. With the same assumption as above. Then 
ai, 02, ttr-i, c/x^ 



(1 - X)r4>s 



oo 

r+l4>s+l 

n=0 



5i, bs-1, b 

q^'\ fli, flr-i, cq 

bi, bs, q 



; q, xt 

;q,tq 



{c/x;q)n , 
{xq;q)r 



(1.12) 



(1 - cg''")r(ri) x" 



Furthermore, as repeated application of Theorem 1 1.1[ we might discover a multiple 
series expansion ascending a r+m4>r+m series to a linear combination of r+2m4'r-i+2m 
series. 



Theorem 1.3. Let bi,Ci be any complex numbers other than of the form q " and 
di 7^ g" for positive integers n, i = 1,2, ■ ■ ■ ,r . Then for Xi: \xi\ < 1, there holds 



E°° (01,02,- ,ar\q)nt" -^r {Cjq/ Xi] q)nX'^ 



-'^ (bi,b2,- ■ ■ ,br;q)n fj^ {xidiq;q)n 

in rn ( 

^ ]^f^(nj;Xi,Cj,dj) J|A(„^.c,^<j,) < r4>r 

ni,n2,--- ,n,„>Oi— 1 i—1 \. 



ai. 



where 



VL{n; X, c, d) = (1 - xd){l - cq''^+^) {xd) 



(1.13) 



, , Or 



bi, br 

jq/d, cq/x;q)„ 
{cdq,xq;q)n+i 



;q,t 
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and the operator 



A 



(n;c,d) • r<Ps 

cdq 



r+3(Ps+2 



ai, 
bi, 

cdq"+^, 



cq 



n+2 



ai, 



q-'^d, bi, 



Our paper is organized as follows. In the next section, we shall set up two pre- 
liminary results of the (/, g)-inversion formula. With the aid of these results, we 
shall show Theorems II . 1 [ FOl and 1 1.31 in full details. Some important specifications 
of the first two theorems are presented. In Section 3, we shall apply these expan- 
sions and corollaries to seek for transformation and summation formulas of g-series, 
among include new approaches to the Askey- Wilson polynomials, the Rogers-Fine 
identity, Ramanujan's reciprocal theorem and his famous summation formula. 
Especially noteworthy is that Theorems 11.11 and 11.31 are closely related to the WP- 
Bailey lemma and Bailey chain. 



Here, it is necessary to give some remarks on notation. Throughout this paper, we 
use the standard notation and terminology for basic hypcrgeometric series (or q- 
series) found in the book [26] (Gasper and Rahman, 2004). Given a (fixed) complex 
number q with |g| < 1, a complex number a and an integer n, define the g-shifted 
factorials {a;q)oc and {a;q)n as 



{a;q)oo ^Yiil- aq''), (a;g)„ 



(a;g)c 



fc=0 



(ag";(7)oc.' 

We also employ the following compact multi-parameter notation 
(ai,a2, • • • , Om] q)n = (ai; g)„(a2; q)n ■ ■ ■ (am; g)n 

and 



{q; q)n-k{q;q)k 



for the g-binomial coefficients. The basic and bilateral hypcrgeometric series with 
the base q and the variable z are defined respectively as 



ai, . 






.■,bs 


ai, . 


. . ,ar 


bi,. 


.■,bs 


Oi, . 


. . ,ar 


bi,. 


..,br 



q,z 



q,z 



(ai, ■ 



E 



OO / 

E (ai, ■ ■ 



OO ^ 



ar;q)r 



bs;q)n 

ar] q)n 



bs;q)n 

■ ,ar;q)n 



Tiny 



,br;q)r 



hereafter, for later convenience, we write r(n) for (— 1)" g(3). In particular, when 
s — r — 1 and the parameters above satisfy the relations 



qai = 6ia2 



we call such a basic hypcrgeometric series well-poised (in short, WP) and further, 
if 0-2 ~ q\/ai,az = ^9\Aii, very-well-poised (VWP). As is customary, we denote 
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the latter by the compact notation 

rWr-i{ai;a4,a5, - ■ ■ ,ar;q,z). 

2. Proofs of main results and corollaries 

Let us begin with two prehminary results on the (/, g)-inversion formula. 

Lemma 2.1. Let {x„}„gN o,nd {6n}„eN be arbitrary sequences over C such that 
hn,n e N = {0, 1,2,---}, are pairwise distinct, g{x,y) = —g{y,x),f{x,y) is sub- 
ject to (jl.lO|) . Then the linear system with respect to two sequences {Fn} 

^^„-EG./(x,,MnS|l^ (2.1) 

t^O Il^=0.i^k9{b^,bk) 



is equivalent to 



Proof. First, assume that for n > 

which can, evidently, be recast as 

to^U-^^9ib^M\uU9ib.M) 7 

By Lemma 11.21 we now solve this linear system (in infinite unknown members Fk) 
for the terms within the curly braces. The solution is as follows: 

2_^Gkf{Xk,bk) 1 - „-i -t'n- 

k=o Ili=k 9[b^,b^) Ui^o 9[b^,bn) 

Multiplying both sides by n"=o^ 9{bi, bn)/Y[i=i bn), we therefore obtain 

V n ff^ h 9{bi,bn) 
- 2^C.kf{xk,bk)—^ — 7} TT- 

fc=0 lli=lJ[XnOn) 

And vice versa. I 



Lemma 2.2. With all conditions as Lemma \2.1[ If there exists an expansion of 
the form 

Fix) = f;G„/(a:„,6„)flP|f^ (2.3) 

then the coefficients 

G„ = f]f(M J-"^^"ft\ . (2.4) 
^ Ui=oMk9ibi,bk) 
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Proof. It only needs to set x = bn in ()2.3|) . Owing to g{bn, bn) = 0, we have a linear 
system at once 

F{b,,)=j2G,f{xM ^=^f-^-\ . (2.5) 
According to Lemma \TJ\ we immediately obtain (I2.4p . I 



Remark 1. It is worth pointing out that \2.3\) furnishes a series expansion for 
arbitrary analytic function F(x), provided that the infinite sum on the right is con- 
vergent for x,bn,Xn G U{b) such that 6„ — > b and \ — xxn 7^ 0. Some remarkable 
results of such sort, besides the expansion 11.3\} / (L4^ above, are the q-Taylor theo- 
rems due to Ismail and Stanton \30l\3lV. 



To make our argument cleaner, we also need the following basic relations in the 
theory of g-series. 



Lemma 2.3 ( 26, (LlO)-(Lll)]). 



(a;g)„_fe {a; q)n (q^ /b; q)k f b^ 



ib;q)n-k {b;q)n [q^ '^/a;q)k\a 

In particular, (a; q)n~k 



(2.6) 



r(n + /c) = T{n)Tik)q"\ (2.8) 



Now we are ready to show Theorems 11.11 and 11.21 



The proof of Theorem ll.il To derive this expansion, we first consider the analytic 
function (we assume there are no poles in the denominator) 

(ai,a2, ■ ■ ■ ,ar,c/x;q)n 



F{x)^Y.^{nY'^{xtqY 



(6i,&2,--- ,bs,dx;q)r 



According to Ismail's argument as Lemma 11.11 or 29 , F{x) can uniquely be ex- 
panded in terms of the base {{c/x; q)nx"' /{ax; q)n}n>o- Hence, we may assume 
that 

F{x)^f2G,f{xM^^^j^ {xeUm (2.9) 

where 

f{x,y) = 1 - xy,g{x,y) ^y-x.x,-,^ aq",bn = eg" ( lim 6„ = O). (2.10) 

n— >oo 

At this stage, by employing Lemma we therefore obtain that Gq = 1/(1 — ac), 
and for n > 1 



-l—yi-ifqm-nk 



k=0 



k 

L J q 



{acq''+';q)n-iF{cq') 



— l^V(-l)^gm-"'= 



k=0 



{acq^+^;q)r. 



E 

4=0 



(ai,a2, ■ ■ ■ ,Qr,g ^\q)i 
(foi,&2,--- ,bs,cdq^;q)i 



T{iy~'-{ctq''+^y. 



(2.11) 
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Exchange the order of summation and make the change of indices K — k — i and 
N = n — i. In consequence, we have 



N 

E 

K=0 



(&i,&2,--- ,bs]q)i {cdq^;q)i 

[-l)K+iq{'^ 2"") {ac;q)„+K+, {cdq';q)K 
{q;q)K{q;q)N-K {ac;q)K+i+i {cdq^';q)K 



= , , > -71 — ; ; ^ 7 — r- — r-, ^ 7 ^ b(n,i) (^-1^) 

T[n) {bi,b2,--- ,bs;q)^ {cdq']q),(q;q)N (ac; qj^+i 

where the inner sum S{n, i) on K is given by 



AT 



{acq'+^,cdq'^'-]q)K' 



Obviously the first member on the right, by virtue of (j2.7l) . equals 

simplifying the preceding expression to 
S{n,i) = q(")30: 



{q;q)K 



q-^, acq^+\ cdq^ 



^ (^) (g ''^\aq/d-:q) 



N 



{acq'+^,q-''''+^/cd; q)N' 

Note that the last equality is based on the famous g-Pfaff-Saalschiitz 3^2 formula 
[26l (11.10)]. On substituting this expression into (|2.12p and then multiplying both 
sides by c"(l — acg"), we instantly obtain 



c"(l -ac9")G„ = E^("'*) 



(ai,a2,--- ,ar,acq'';q)i 
(6i,&2,--- ,hs,cdq'^;q)i 



{q ,q)n~i {aq/d;q)n-t 
{q;q)n-, {q-^-'+ycd;q)n-, 



where, for simplicity, we define 



T{n) 

where the last equality is justified by p.Sp . On considering {q^"'^^; q)n = for 
n > 1 , we thus make the change of indices 71— >m + l,i— + l on the right-hand 
summation above. The result is as follows: 



c'"+i(l-ac9"+i)G™+i = ^A(m+l,i + l 

i=0 

^, {(^"'\q)m-^ 



(Qi,a2, ■ ■ ■ ,ar,acg'"+^;g),+i 
(61,62, ■ ■ • ,bs\q)i+i 

{aq/d;q)m-i 



{q;q)m-i {q ™ ' ^ /cd;q)m^i{cdq''+^;q),+i 
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Using (|2.6p again to simplify 



c'"+i(l-ac<?'"+i)G„,+i 



Note that 



{q ™',aq/d;q)m 

{hiM,--- ,bs;q)i+i 

{q-"'■,q)^ (cdg'+^ g),g-'('+l)(ac)-^ 

{q, q-^d/a- q), {q-^-^-^ / cd; q)m{cdq'+^-q),+i ' 



{cdq^+';q) 



q 

T{m) 

T{m){cd)"^q"''^'+^^ 



{q-m-^-i/cd;q)^{cdq^+'L;q),+i (cdg'+i ; q),„+i 

as well as the relation (|2.8p . With all these relations taken into account, we are 
finally led to 

{aq/d; q)^ 



{cdq; q)m+i 



E 

i=0 



fi(ni,i) {ai,a2r ■ ■ ,ar,acq"^~^^;q)i+i jq^"^ ,cdq;q)i 
{q;q)i (&i,&2,--- ,&s;g)t+i {q-"'d/a,cdq"'+'^;q)i 



where ^{m^i) in turn, by recalling the expression of \{n,i), reduces to 
At(m,z) = A(TO + l,^ + l)(7-'(■'+l)+™'(ac)"^ 



= {-ly-'' ctq'-''' X T{iy-''{tq'+''-'- /a)\ 

In conclusion, after canceling c™+^(l — acg™^^) and reformulating in standard 
notation of q-series 



tqj-iy-'d^ {aq/d-qU 
1 - acq"'+^ {cdq; q)m+i 
(ai,a2,--- ,ar,acq'^+^;q)^+i {q~'^,cdq;q)i 



Gm+l — 

■m 

E 

i=0 

X(m) r+30s+2 



where 



cdg, 9^™, acq"^^^, aiq,...,aj.q tq^^'^^''' 
cdq"'+\ q-'^d/a, hq,...,bsq''^' 

(ai - 1) . . . (flr - 1) (ag/rf;g)„d™ 

X(m) = ■ 



(&1 - 1) . . . (6s - 1) {cdq;q)m+i 

Substitute these into (|2.9p and then subtract the first terms (corresponding to 
A; = 0) from both sides. A lengthy simplification, finally replacing t with tq^^^^^, 
ai by ai/q and 6^ by 6^/(7, gives the complete proof of the theorem. 

Having shown Theorem II. 1[ we further take the limit as d tends to zero on both 
sides of (jl.lip and then specialize 

c ^ c/ q,a ~^ 1/q. 

After relabeling the parameters, Theorem ll.2l follows . I 
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The following are a few specific cases of Theorems 11.11 and 11.21 which will be used 
later. At first, when c tends to 0, the expansion (|1.12p in Theorem 11.21 furnishes a 
generalization of Carlitz's q-expansion formula for q-series |18j 



Corollary 2.1. 



ai, 02, 
bi, 

T{n)x" 



+1 



■ r+lV's+l 



bs-1, bs 



q, xt 



bi, 



Or-l, 



q,tq 



(2.13) 



Once setting r = s and a = 1 in Theorem II. 1[ we obtain a previously unknown 
transformation deserving our particular attention. 

Corollary 2.2. With the same assumption of Theorem \l.l[ Then 

ai, 02, Or, cq/x_ 



r+l'Pr+l 



bi, &2 



xdq 



;q,xt 



'r+2 



[cdq, xq; q)n+i 

cdq, g"", cq"+^ ai, 
cdg"+2, q-"d, bi, 



(2.14) 



Assuming further br ~ q, CoroUarv 12.21 can be reformulated in the form 

Corollary 2.3 (Expansion of the r+i'Pr in r +30r+2 series). With the same assump- 
tion of Theorem ll.li Then for integers r > and \xd\ < 1 



ai, 02, 
bi, 



Or, cq/x 
br-1, xdq ' 



q, xt 



(1 _ £ (1 - cq'-+'){xdy 



cdq, q 

cdq''+^. 



_^ {cdq, xq; q) 

cq"'+'^, fli, 
dq-^, bi, 



n+l 



(2.15) 



Remark 2. Recall that in ^51, Andrew and Berkvochi extended the idea of the 
Bailey lemma and Bailey chain to the concept of WP-Bailey tree, by introducing of 
the WP Bailey pair, i.e., such a pair of sequences {a„(t, 6)}„>o and {/3n(t, fo)}n>o 
that 

[bt; q)n+k{b; q)n-k 



Mt,b)=J2 



k=0 



{q;q)n-k(tq;q)n 



+k 



■ Oik{t, b) 



(2.16) 



From this definition, Corollary is in exact accord with the WP-Bailey lemma 
Theorem 3.2]. 



i{cdq,q/d) = 



Corollary 2.4. Let {an{t,b)}n>o and {/3n{t,b)}n>o be a WP-Bailey pair such that 

{ ai,a2,...,ar,cdq;q)n " 
{bi,b2,...,br,q;q)n \d . 
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Then 



(1 - cdq) 



(1 - cq){l - xd) {xdq, cdq; q)^ 



j^l^^2^1^{xdY anicdq, q/d) (2.17) 



E 

n=0 



{cq/x,q; q), 
{xq,cq;q)n+i 



{l-cq'^+'){xdr pn{cdq,q/d). 



Of all most interesting cases covered by Corollary 12. 31 is that 



Or — cdq, ai = q\J cdq, 02 = ~q\/ cdq, athi = cdq (1 < i < r 



giving rise to a transformation for two VWP series. 

Corollary 2.5 (Expansion of VWP r+ii'r series in r+3<^r+2 series). Under the 
same conditions as above. Then 



r+iWr{cdq; 03, 04, • • • , ar-i,cq/x; q, xt) 

= (1 - xd) y (gM^g/^'g)" (1 _ cq^n+2^{xdr 
^0 g' g^"+i 
Xr+3W^r+2(cdg;g~",C(7"+^,a3,a4, . . . ,ar-i,cdq;q,t). 



(2.18) 



We close this section by showing Theorem ll.3l 



The proof of Theorem [L3[ Observe that r+m4'r+m is analytic in x^, i = 1, 2, • • • , m. 
We proceed to show this by induction on m. When to = 1, it becomes the case 
r = s and a = 1 of Theorem 11.11 Assume further it is true for m — k. Consider 
now the case to = fc + 1. First, it is clear, by the definition, that 



ai, 
bi, 



Or, Ciq/Xi, ■ ■ ■ ,Cmq/x„. 
br, xidiq, ■ ■ ■ ,Xmdmq 



, X\ ' ' ' Xjxi t 



00 



= (1 - Xidi) 2_^{X2---Xrn t) 



ni ci(l/xi;q)nXi 

{xidiq;q)n 

(oi,a2,--- ,ar,C2q/X2, - ■ ■ ,c„iq/xm\q)n 

(61, 62, • • • ,br, Xldiq, ■■■ , Xmdmq; q)n 
00 ni 

= E ^("i;^i'Ci,rfi) ^(2^2 ■ ■ -a^mi)" 



rii=0 



n=0 



{cidiq,q "Scig"i+^,Qi,a2, ■ ■ ■ ,ar,C2q/ X2 ■ ■ ■ Cmq/ Xm;q)n 
(5, ci(iiq"i+2,(iiq-"i,&i,&2,--- ,br, X2d2q ■ ■ ■ Xmdmq;q)n 



The last equality comes from an application of Theorem 11.11 with t replaced by 
X2 - ■ ■ Xmt while r+m(t>m+r IS taken as an analytic function of xi. In view of the 
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definition of A, we tliereby obtain 



. , Qr, Ciq/Xi, ■ ■ ■ ,Cmq/Xr. 



, br, xidiq, ■ ■ ■ ,Xmdmq 

oo 

= ^ Vt{ni]Xi,Ci,di) 



xA 



(ni;ci,(ii) \ r+kVr+k 



bi, 



ni=0 

Qr, C2q/x2, ■ ■ ■ .c^q/x 



. , br, 



X2d2q, ■ ■ ■ ,Xmdmq 

At this point, we use tfie inductive hypothesis to find 

ai, Or, C2q/X2,- ■ ■ ,Cmq/x. 



■,q,X2 - ■■Xjnt 



r+k(Pr+k 



bi, 



, br, X2d2 



■,q,X2---Xmt 



m 



m 



which in turn yields 



ni;Xi,Ci,di)Y\_^{n,:c,.di) i Ar 



ai, 

6l, 



■ , br 



q,t 



ai, ar, Ciq/Xi,- ■ ■ ,Cmq/Xrr. 

bi, br, xidiq--- ,Xmdmq 



■,q,XiX2 ■■■Xmt 



Summing up, the theorem is proved. 



ai, 
bi. 



3. Applications 

This whole section is concerned with applications of all theorems and corollaries 
obtained in the last section, subject to t ^ q unless otherwise stated, in finding of 
summation and transformation formulas of g-series. 



§3.1. A new GF for the Askey—Wilson polynomials. From Theorem 1 1.2 1 it is 
easy to deduce a new generating function (GF) for the Askey-Wilson polynomials 



Corollary 3.1. Let y = cos{9) . Then 

ae*^, ae~**, abcd/{xq) 



(1 - a;)3(/>3 

OO 

^Pn{y;a,b, c,d\q) 



ab, ac, ad 
abed/ (xq); q)., 



■,q,x 



(3.1) 



{xq, ab, ac, ad; q)n 



{l-abedq'''-')T{n) (ax)". 



Proof. It suffices to set r = A, s — i and specialize 

(01,02,33) (q, ae*^,ae~*'') 

{bi,b2,bz) — > {ab,ac,be), {t,e) {q,abed/q) 



An expansion of basic hypcrgeometric series via the (1 — xy, y — a:)-inversion 
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in (jl.l2|) . We see that the ^(f)^ series on the right becomes 

«>n(2/;a, c,d\q) 
{ab, ac, ad; q)„ 

while pn{y;a,b,c,d\q), y — cos{9), is nothing but the well-known Askey- Wilson 
polynomial, in view of Eq. (8.4.4) of [551. Thus we have the claimed. I 
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ae 
ab. 



ae 
ac. 



abcdq'^ ^ 
ad 



q,q 



§3.2. Two Rogers— Fine identities. As mentioned earlier, Theorem [TT2] general- 
izes the famous Rogers-Fine identity which is useful in proving of theta function 
identities. The interested reader may consult (6l[22l[50] for this topic. 



Corollary 3.2 (Rogers-Fine identity: [H p. 15, Eq.(14.1)] or 50 ). 

{l-x)y If/^a;" = y „ c<?2»)(ax)"(J"^ (3.2) 

(aq;q)n {aq,xq;q)„ 



Proof. In fact, it is an immediate consequence of (|1.12p under the specializations 
that r = 2, s = 1 and (ai, bi) = {q, aq). In such case, we easily see that 



3(P2 



q, cq" 
aq, q 



;q,q 
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cq'" 
aq 



;q,q 



while the series on the right can be evaluated by the q-Chu-Vandermonde formula 
[261 (11.6)]. I 



Again by Theorem II. 2[ we readily extent the above Rogers-Fine identity to the 
following transformation which is in fact the limit as n — > c» of Watson's transfor- 
mation from the 8</'7 series to 44>3 series [26l (III. 18)]. 

Corollary 3.3 (Generalized Rogers-Fine identity). 

(c/a, aq/d, c/x; q)n 



oo 

,1^ iaq,cd/a,xq;q)r, 



r(n)(l-cg^")(dx)" 



^ [cd/a, aq; g)„ 



(3.3) 



Proof. At first, we set r = 3, s = 2 and specialize 

(01,02) -> {q,d) 
(61,62) {aq,cd/a) 

in p.l2p . Accordingly, it is quite clear that 



493 



q 



eg" 



^q.q 



392 



q 



cq" 



aq, cd/c 



;q,q 



aq, cd/a, q 

while the 3^2 series on the right can now be evaluated in closed form by the q- 
Pfaff-Saalschiitz formula. This gives the complete proof of ()3.3p . I 



Indeed, letting d tend to zero on both sides of (13. 3p . we thereby recover the Roger- 
Fine identity p.2p . With Corollary 13.31 in hand, we may further deduce even more 
identities of interest. 
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Example 3.1. Replacing d with adq/c in iS. 3\) gives rise to 



{adq/c, c/x;q)n 



■X" 



„^o {dq,aq;q)n 
{c/a,c/d,c/x;q)n f axdq\^ 



(3.4) 



{cla,c/d,c/x;q)r, laxdq\ _ ^^2n-)^(^) 
^ {aq,dq,xq;q)n \ c ) 



It is worth mentioning that the expression on the right-hand side of p.4p is sym- 
metric in a,d,x, which will be used in what follows. 

Example 3.2. The limit as d to of ^3.4^ turns out to be the Rogers-Fine identity 
I13.S\) while letting d tend to infinity in Jg.^p then we obtain a new identity analogous 
to (EE): 



{c/x; q)n (ax 
{aq;q)r 



{tY ^ E 



{c/a,c/x;q)n 
{aq,xq;q)n 



(3.5) 



In particular, set a; = 1. Then US. 5\) reduces to a special case of the contiguous 
relation \2(}\ (in.32)] for the q-Gauss function: 
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c, c/a a 

;<?, - 

aq c 



C201 



c, c/a aq^ 
aq c 



{\a/c\ < 1). 



Example 3.3. Setting a = 1 in then we recover the q-Gauss sum 



2Vl 



dq/c, c/x 
dq 



■,q,x 



(c, xdq/c; q)c 
{dq,x;q)oo 



(3.6) 



(3.7) 



A quick way to see this goes as follows. In view of p.3p . we see that 



\-x 
1-c 
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dq/c, c/x 
dq 



;q,x 



E 



(c, c/d, c/x; q)n 1 - eg^" / xdqV^ 



^ ^ 



T{n). 



Again by Watson's g'/'s sum 26, (11.20)], the series on the right turns out to be 

lini eW5{c; c/d, c/x, 1/y; q, xydq/c) = ('^g' ^'^g/^' _ 
y^o {dq,xq;q)oo 

Summing up, the g-Gauss sum follows. 



§3.3. Ramanujan's reciprocal theorem and iV'i summation. One of the most 
important results that we might deduce from Corollary 13.31 is a sightly different 
version of Andrews' four-parametric reciprocity theorem, the latter generalizing 
the original Ramanujan's reciprocity theorem. See [13j|44] for more details. 



Corollary 3.4. Let a,d,x,aq/c,dq/c,xq/c be any complex numbers other than of 
the form — g^" for positive integers n, max{|a::|, Ixg/cj} < 1. Then there holds 



^ {adq/c, c/x;q)n « _ ? {adq/c, q/x;q)„ ( xq 
^ {d,a;q)n+i c ^ {dq/ c,aq/ c;q)n+i 



c 



n=0 v-'-'-^/"T-L " „^(, 

{q, c, q/c, adq/c, dxq/c, axq/c; q)c 



{d, a, X, dq/c, aq/c, xq/c; q)c 



(3.8) 



An expansion of basic hypcrgeometric series via the (1 — xy, y — a:)-inversion 
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Proof. At first, by Bailey's VWP eV'e summation formula for bilateral series [261 
(11.33)], it is clear that 



adxq 



qyfc, ~qy/c, c/a, c/d, c/x, y 

Vc, -Vc, aq, dq, xq, cq/y ' ' cy 

_ (g, cq, q/c, adq/c, dxq/c, axqj c, dqjy, aq/y, xq/y\ q)^ 
{dq, aq, xq, cq/y, dq/c, aq/ c, xq/ c, q/y, adxq/ (cy) ; (j)oo ' 
Define now, for brevity, 

, . ^ {c/a,c/d,c/x;q)n f axdqY 2n^ / n 

H{a,d,x;c) :^ y^— ^ (1 - cg^")r(n). 

^ {aq,dq,xq;q)n \ c J 

Then from the above gV'e summation formula, we readily deduce 

^ uf .1 \ '^'i^^ uf ^'i 
H{a,d,x;c) -HI — ; — 

1 — c c— l\cccc 



(3.9) 



hm 6 ■06 



q^/c, —q\fc, c/d, c/a, c/x, y adxq 
^fc, -y/c, aq/d, aq, xq, cq/y ' ' cy 



^ (g, cq, q/ c, adq/ c, dxq/c, axq/c; q)oo 
{dq,aq,xq,dq/c,aq/c,xq/c;q)ao 

where k = (a — l){d — l)(x — l)/((c — aq){c — dq){c — qx)). Referring to p.4p . it is 
immediate that 

rr, , N N V" {adq/c, c/x;q)n „ 
H {a, d,x;c) — (1 — a:) > — — ; x 



n=0 



{dq,aq; q)r 



and thus 



h(^-1,'-1,-A'-)-{i-^,/c)± 

\ n r n n I ' ^ 



\ C C C C 



{adq/c,q/x;q)n 
'-^ {dq^/c,aq^/c;q), 



-{xq/cY 



n=t) 



Substitute these two expressions into the left-hand side of (|3.10p . After further 
simplification, we obtain the desired identity. I 



It is noteworthy that the limit as d to of p.Sp of Corollary 13.41 leads us to the 
famous Ramanujan itj^i summation formula |26i (11.10)]. 



Corollary 3.5 (Ramanujan's iipi summation formula). For \c\ < < 1 

{q,c,q/c, axq/c; q)oo 



{c/x; q)n 



n— — oo 



{aq;q)r 



{x,aq,aq/c, xq/c; q)c 



(3.11) 



Proof. To establish (13.111) , we first take — > on both sides of (|3.8p , arriving at 

V(£Z^,« _ q_y {q/x;q)^ 
^ (a; q)n+i c ^ {aq/c; q)„+i 

^ {q,c, q/c, axq/c; q)oo 
{a, X, aq/c, xq/c; (j)oo 

Observe that as indicated earlier, p.Sp is symmetric in two variables x and a, 
resulting in 

{c/x;q)n ^ y> {c/a; g)„ ^„ 



16 



X. R. Ma 



Next, by specializing {a,x,c) — > {aq/c,xq/c,q'^/c), we get 

{q/x;q)n , , ^„ ^ {qla\q)n , . .r. 



^ {aq/c; q)n+i 



{xq/c; q)„+i 



71=0 



Substitute this into (13.121) and multiply both sides by 1 — a. We therefore obtain 

E°° {c/x;q)n „ (l/a;g)„ , , {q,c,q/c,axq/c;q)oo 



^ {aq;q)n {xq/c]q)n 



{aq,x,aq/c,xq/c; q)c 



Thankfully, these two series sums on the left can now be unified into a bilateral 
series 



E 



n— — oo 



{c/x;q)n 
{a; q)n 



asserting p. 111) . I 

Remark 3. It should be noted that in her derivation of Theorem 4-1 in ,'341, S. Y. 
Rang has already pointed out that Ramanujan's summation formula is equiva- 
lent to a three-variable generalization of Ramanujan's reciprocity theorem. 



§3.4. New series identities. Besides the preceding applications which are of 
theoretical importance, by combining our main theorems with existing summation 
formulas, we are able to find more specific and new g-series identities. Due to space 
limitations, we shall only consider some typical cases and state them in the form of 
corollaries. 



Corollary 3.6. 

{bx,xq/b;q'^) 



2^ i^q ) / N — 



{x/q]q)oo ' " ' (ax(j;g)„+i 

(6a;, xq/b; q^) 



6, q/b_ 1 
a 



-n — ^ I ' ^' 

Va, g, -q 



(3.13) 



{x/q;q)c 



Furthermore, for b ^ q 



{q/b;q\ 
iq';q^)n 



'2", bq 

^^i-2„; 



n=0 



q',b 



q b, q/b +1 

q, -q 



(3.14) 



q 302 



q b, q/b^ _ „+i 

q, -q 



3.15) 



Proof. To obtain p.l3p . it suffices to set r = 2, s = 3 and t = — 1 in (|l.lll) and 
then make the parametric specialization 

(01,02) {b,q/b) 

(61,62,63) ^ (g,-g,0) 

icd) ^ (0,1/q). 
Making use of the g-analogue of Bailey's 2-Fi(— 1) sum (11.10) of [26], we have 



3<f4 



6, q/b, 
0,q, -q, X 



q,-x 
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6, q/b_ 

-q, X 



■,q,-x 



{bx,xq/b; q^)^ 
(x;q)oo 
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reducing to p.l3|) . From this, letting a tend to zero on both sides we obtain 

p.l4|) . which in turn, on equating the coefficients of on both sides, yields p.lSp . 



By combining Theorem 11.21 with Andrews' terminating sum |26[ (11.17)] we imme- 
diately obtain 



Corollary 3.7. 



A (a, -a,c q x;q)n „ 

(g, c^q^/a^, c^q/x, c^q^/x; q ^) 
^0 {c'^q'^,a'^q,xq,xq^;q'^)n 



(3.16) 



"(l-c2(74«+2)^(2n) (ax) 



2n 



Proof. For this, we only need to set r = 4 and s = 3 in (I1.12p and then make the 
parametric specialization 

(01,02,03) -> (g,a, -a) 



c q. 



In such case, it is clear that 



q ", q, a, — o, 0^(7"+^ 

2 iQ^Q 
cq, —cq, a , q 
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q a, —a, c^q^^^ 
cq, —cq, 



;q,q 



(3.17) 

0, if n = 1 (mod 2); 

a^'^iq^c^q^/a^-^q^n „ 
— — , if n = 2m 

(c^q'',a^q;q^)m 

while the last equality is given by Andrews' terminating sum (11.17) of [53]. All 
these together gives rise to p.l6p . I 

Using the g-analogue of Whipple's 3F2 sum [26l (11.19)] we yet set up 
Corollary 3.8. 



E 



(o, -a,q/x;q)n 



^ (-(?,e,o2g/e;(?)„ 



(3.18) 



E 

n=0 



(eg ",eg"+\o^gi "/e, fl^g"+Ve; g^)oo (g/x; g)„ 2 _ ^(„+i)2w_ x„ 
{e,a?q/e;q)oo {x]q)n+i 



Proof. It suffices to set r = 4 and s = 3 in (|1.12p and specialize 

(01,02,03) {q,a,'~a) 
{hiMM) (e,o^g/e, -g) 

c — > g. 

In this case 



q , g, a. 



-o, g 



Tl + l 



2 1 '9' 9 

e, o-'g/e, -g, g 



q % a, -a, g 



fc+i 



e, o^g/e, -g 



;g,g 
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while the 4(^)3 series can be evaluated by (11.19) of [26^. The result is: 

(eg-", eg"+i , a^q^-'^je, a?q''+^/e; q^)^q^^^^^ 



iV3 



q a, —a, q"+ 
e, a^g/e, -g 



A direct substitution of this into (|1.12p yields (|3.7I 



[<i,a?q/e;q)c 



Continuing along this way, we readily deduce a few concrete identities from Corol- 
lary [221 via the use of other well-known summation formulas. 



Corollary 3.9. 

^ {Cqlx;q\, ( )n ^ ^ _ 2n+2) ( 2)n Cg^ Cg/x; g)„ 

{cxq^;q)n+i t^' ic^q^;q)2n+iixq;q)n+i 



n=0 '•"'"^ ' ^'"^^ n=0 



Proof. It suffices to set r = and d = cq^ in ([^Ji)) of Corollary O Then the 
g-Pfaff-Saalschiitz summation formula [551 (11-22)] is applicable, which gives 

{q^+\cq^-q)n 
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c^q^^ cq'^^'^ 



(c2q"+4,l/cg;q). 



Thus we get the desired transformation. 



It is of interest that the limit as a: — >■ offers a new identity concerning the partial 
theta function. 

Corollary 3.10. 



^ r{n){cqr = ^ r{n){l - cg^"+^)(c^g^)" ^^^^^.'f ' ■ (3-20) 

71—0 n—0 ^ ' ^/ 



In much the same way, it is not hard to recover a transformation for §07 series \26\ 
(III.23)]. 

Example 3.4. Let aiii = 1,2, 3), c and d be arbitrary complex numbers such that 
0112^3 = cd^q (cd 7^ 0). Then for x : maxjlxgl, |a;d|} < 1 there holds 

sWj{cdq; 01,02, 03, q, cq/x; q, xq) (3-21) 

{I - xd){\ - cq^) 2 /. /J /J / j\ 

= (1 _ cdq){l - xq) '^^^'^ ■,aiq/d,a2q/d,a3q/d,q,cq/x;q,xd). 

Proof In (f2ll|) of Corollary [221 set r = 5 and 

aibi = 0262 = 0353 — Oib/i — a^b^ — cdq^ 
with the specialization 

04 = cdq, 05 = —\fcdq, a\a2a3 — cSq. 



Under these conditions, Jackson's 807 sum ^26j (11.22)] for VWP series is applicable. 
Consequently, we obtain 

iiW-^icdq; q^",cq'^+'^, ai, 03, 03; q, q) 
{cdq^ ,cdq^ I aia2,cdq^ / aioz, cdq^ / 0203, q)„ {cdq^ , Oiq/d, a2q/d, a^q/d; q)^ 



{cdq^ I ax, cdq^ 1 02, cdq^ 1 03, cdq^ / (ai a2 03 ) ; ?) « isil AMMM\'i)r. 
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Substitute this result into (|2.14|) and reformulate the resulted in terms of standard 
notation of q-series. This gives the complete proof of the corollary. I 

Lastly, by combining Corollarv l2.2l with another §07 sum [211 (11.16)], we also obtain 
a different transformation for §07 series. To the best of our knowledge, this does not 
fall under the purview of the famous Bailey's io(t>9 transformation [26j Eq.(2.9.1)] 
and its limit case s4'7 transformation fSG*, Eq.(2.10.1)]. Also it seems not to have 
been known in the literature. 

Corollary 3.11. 

8Wr{cq^;q, q^/d\ cq^/x, cq/x, q^;q^x^d^) (3.22) 

1 — xq 



(l-xd)(l-cg2) 



sW7{cdq; q, d^/cq, --d^/cq, qjd, cq/x; g, —xd). 



Proof. In (I2.14P of Corollarv l2.2[ set r = 5 and make the specialization 

(01,02,03) -> {w,~w,cdq^ /v?) 

{t,w) {~d,-d^) 

(04,05) {qy/cdq,-qy/cdq) 

oifoi = 0262 = 03^3 = cdq^ 

With these choices, we are able to apply Gasper-Rahman's %(t)j sum (11.16) of [26] 
to evaluate the sum on the right. Consequently we obtain 

gWiicdq; q^",cq"^'^,w, ~w, cdq'^/w'^; q, -d) 
(cdq^, wycdq; q)^{q-''+\cq''+^ w^q^+\w^q-''-^ /c; q^)^ 
{cdq'^+'^,dq-'^] q)oo{q, cq^, w'^q, w'^q-^/c; g^)^ 
„=2m {cdq^;q)2m {q-^'^+\d^q-^''';q^U _ {cdq^;q)2m {q, q^d^; q^)m 



{dq 2'»;g)2„ {cd'^q'^,cq^;q^)m {q/d;q)2m {cd^q^ ,cq^\q^)m 

and otherwise, since that (q^"+^; 9^)00 = when n is odd. Substitute this result 
into (|2.14l) and reformulate the resulted in terms of standard notation of g-series. 
This gives the complete proof of the theorem. I 

As illustrations of Theorem 11.31 we now consider the multiple series expansions of 
Gauss's 2</'i and Watson's e'/'s sums. 

Corollary 3.12. 

{ax, ay; q)c 



(a, axy: g)_ 

V : yjy;^ ni,n2>0 

(l/a:;g)„i(l/y;(7) 
{xq;q)ni+i{yq;q) "2 + 1 



= J2 x"^y"^(l-g2ni)(i„^2„.)^(^^)^(^^) 



— ni rii „-"2 „n2 

;q,aq 

q, q, a 



(3.23) 



for x,y ^ 1. Furthermore 

3 

q 

^ (g/a, l/a^;g)«i {q/a,l/y;q)n2 (g/o, l/z; g)„3 
{a,xq;q)n,+i {a,yq; q),i^+i {a, zq;q)n-,+i 
X i2W^ii(o; a, o, a, q-"^ , <?-"^ , q-"^ ,q"^+\q"-+\q"^+';q, aq). 



{aq,aqxy,aqxz,aqyz;qU ^ y ^^^^n. ^^^yn. ^^^y. TJ .2„.+i, 
[ax,ay,az,aqxyz;q)ao 1 

ni,n2,n3>0 2—1 



(3.24) 
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Proof. Both are immediate consequences of Theorems 11.21 and 11.31 when they apply 
respectively to Gauss's 3(f)2 and Watson's g^s sum, which saying 



and 



{ax,ay;q)c 
{a,axy;q)c 



{aq, aqxy, aqxz, aqyz; q)c 
{aqx, aqy, aqz, aqxyz; q)c 
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l/x, l/y 



; g, axy 



6^5(0; l/x, l/y, 1/ z; g, aqxyz). 



4. Concluding remarks 



In the present paper, we have only used the (1 — xy, y — a;)-inversion formula with 
the parametric speciahzations (I2.10p to estabhsh transformation of g-series, since 
the convergency of g-series (thus F{x) is analytic) under this case is out of question. 
Nevertheless, as indicated by Remark[Tl such idea is applicable to arbitrary analytic 
functions with proper specialization of parametric. For instance, consider 



F{x) 



{x;q)o, 
{ax;q)c 



-392 



b, 



c/x 
abc/d 



;q,x 



(4.1) 



with the choices that a;„ = ag" ^ and 6„ = eg", the (1 — xy, y — a;)-inversion will 
lead us to the limitation of Jackson's terminating 807 to 403 series [26, (III. 10)]: 



{x,ac;q)oo ^ a, b, c/x 
{ax,c;q)oo d, abc/d 

lim sWj^ac/q; a, d/b, ac/d, c/x, b/y; q, xy). 



(4.2) 



So it is reasonable to believe that, under other specialization of parametric just as 
in (|1.3p / (|1.4p . Xn — ap^,bn — cq^,p 7^ g, the (1 — xy,y — a;)-inversion will lead 
to more transformation formulas, let along other (/, (7)-inversion formulas such as 
Warnaar's matrix inversion '57! Lemma 3.2] for elliptic hypergeometric series. 



Another long-standing problem puzzled the author is whether there exists cer- 
tain general (not merely for special conditions) summation formula for the VWP 
r+i4>r series when r > 8? Our query is based on a phenomenon that in the world 
of g-series, we too often meet and utilize various summation formulas like the 
i0o(<?-binomial theorem), 20i(Chu-Vandermonde, Gauss), 302(PfafF-Saalschiitz), 
403 (Andrews), 605 (Watson), and §07 (Jackson). In this sense, Jackson's §07 sum 
is certainly one of the most general (highest level so far) formula in closed form. 
As a first step to this direction, all expansions obtained in our foregoing discussion 
remind us that if it did exist, then we should have the corresponding one for the 
r4>r-i series. All these problems deserve further investigation. 
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